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1. INTRODUCTION 
In this paper we consider a family of nonnegative similarity solutions of 
the equation 
u,=Au-up xeRN, t>O (1.1) 
in which N> 1 and 0 < p < 1. This equation arises in a variety of physical 
situations such as chemical reactions involving diffusion [ 11, plasma 
physics [9] and population dynamics [lo]. 
Let u(x, t) be a nonnegative solution of (1.1) for which the initial value 
U(X, 0) is uniformly bounded in RN, say by a constant M. Then u(x, t) dies 
out in finite time and 
T=sup{t>O:u(x,t)=O}<{M/(1-p)}? 
To obtain a description of the solution near the extinction time T [6], 
one is led to the study of backward similarity solutions of the form 
u(x, t) = (T- t)“(’ -p) u(q), (1.2) 
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where 
Y/=x(T-r) ’ ?. 
Substitution of (1.2) into (1.1) yields the equation 
+.vv+~- 1-P VP =0. (1.3) 
The main result of this paper will be the following theorem: 
THEOREM 1. Equation (1.3) has no radially symmetric solutions in RN, 
which are nonnegative and bounded, except the functions 
v(rl) = 0 and v(v) = k 
where k = (1 -p)r”l Pp). 
In connection with the blow-up of solutions of the equation 
u,=du+f(u), 
where, for instance, 
f(u) = up or f(u)=e”- 1, 
a similar situation arises. Here the solution becomes unbounded after a 
finite time T, and the behaviour of u near T has been studied in 
C2, 3, 8, 7, 121. 
It is also interesting to recall some earlier work on solutions of the 
porous media equation 
24, = d(u”) in DxRf. (I.41 
WhenO<m<landDisbounded,orwhenO<m<(N-2)/N(N>2)and 
D = RN, the solution u of (1.4) may die out in finite time T [ll]. The 
behaviour of u near t = T in a bounded domain D was studied in [4]. 
Quite recently, and independently, the nonexistence of bounded non- 
negative nonconstant radial solutions o of Eq. (1.3) was proved in [S]. 
There the method is different from the one used in this paper and relies on 
the study of a certain functional J(o). 
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2. PRELIMINARIES 
Looking for radially symmetric solutions of (1.3) we set u(q) = y(x), 
where x = 1~1. Then y is a solution of the problem 
y~~+($qy~+f(y)=o. xzo (2.1) 
y 2 0, x>o (2.2) 
Y’(O) = 0, (2.3) 
where 
f(Y)=&- yp, y20. (2.4) 
Note that f has two zeros, namely 
y=o and y = k = (1 -p)l/(’ -PI. 
By a solution of Problem (I) on [0, co) we shall mean a nonnegative 
function y E C’( [0, co)) which satisfies (2.1 k(2.3). Thus (I) has at least two 
solutions on [0, co) which are bounded: 
Y(X) = 0 and y(x) = k. 
In this section we shall show that any other bounded solution y(x) on 
[0, co) must have the property that 
lim y(x) = 0. (2.5) x - m 
In the next section we shall show that solutions with this property do not 
exist. 
Before proving (2.5) we introduce some notation. Set 
and define the energy function 
E(x) = t(Y’(xH2 + F(Y(X)), 
Then, if y(x) is a solution of (I), 
Eyx)=(;-y) (y’(x))%O, 
(2.6) 
(2.7) 
if xZa=(2(N- 1))‘j2. 
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LEMMA 1. Suppose y(x) is a bounded nonconstant solution of (I) on 
[0, co ) such that (2.5) does not hold. Then there exists an infinite sequence oj 
points {x,,} which tends to infinity as n tends to infinity, such that 
y(x,)=k for alIn> 1. 
Proof: Suppose to the contrary that for some b 3 a, 
Y(X) + k for x 3 b, 
and let us first assume that 
Y(X) > k for x > 6. 
This implies that 
Y’(X) > 0 for x > 6. 
To see this, note that if y’(x,) ~0 for some x, > b then Eq. (2.1) implies 
that y”(x) < 0 in x > x1 as long as y(x) > k. This means that y(x) - k must 
vanish for some x2 E (x, , co), in contradiction with the assumption. 
Thus y(x) will be bounded away from k for x 2 b, and hence 
y”+($.--;)y’< -C for x>b, 
where C is some positive number. 
Define the weight function 
q(x) = xNm- ’ exp( -x2/4). (2.9) 
Then (2.8) can be written as 
(4(x) Y’)’ G -G?(x), 
which yields upon integration over (x, co), 
Y(X) > A- Ia 
4(x) x 
q(s) ds. 
However, 
x m 
xk!! q(x) -.I 
q(s) ds = 2 
.x 
(2.10) 
and hence, 
Y’(X) > z for x 2 b, 
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for some positive constant K. This means that y(x) + cc as x + co, 
contradicting the boundedness of y. 
Similarly, if we assume that y(x) < k for x >, b, where b is again some 
sufficiently large number, we deduce from the equation that y’(x) < 0 for 
x >, b, and hence that y(x) cannot remain bounded away from zero for all 
x 2 b. 
LEMMA 2. Suppose y(x) is a bounded nonconstant solution of (I). Then 
lim y(x) = 0. 
I - cc 
Proof: Let us assume that y(x) is a bounded nonconstant solution of 
(I) on [0, co) for which y(x) + 0 as x -+ co. Then, according to Lemma 1, 
the graph of y(x) intersects the line y = k an infinite number of times. Let 
(xn} denote the sequence of zeros of the function y(x)- k, such that 
x,, + , > x, > a for all n 3 1, and y’(x,) > 0 for all even values of n. 
It follows from (2.6) and (2.7) that 
J%J = tY’*(XJ for all n Z 1. 
Hence, because E’(x) > 0, except at the points where y’=O the slopes 
1$(x,)1 increase with increasing n. Thus, 
IY’(X?J ’ IY’(X,)l for all n Z 1. (2.11) 
Choose n odd so that y’(x,) < 0 and y(x) <k in a right neighbourhood of 
each x,. In view of Eq. (2.1) we then have at x = x,, 
and hence we can define for each n odd 
s,=sup(x>x,:y”<O on [x,,x)}. 
By Lemma 1, S, E (x,, x, + I ). At x = S, we have 
and hence, since y” < 0 on (x,, s,) and x, > a, 
(2-Y) lY’(X”)l G -f(Yb,)) G MT 
where M= max( -f(s): 0 <S < k}. If we now let n tend to infinity, the 
409/133/l-5 
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left-hand side becomes unbounded, while the right-hand side does not. In 
view of Lemma 1 this contradiction completes the proof. 
Because the function f(y) is not Lipschitz continuous at y = 0, it is not 
clear whether a solution y(x) which tends to zero as x -+ co, is positive for 
all x > 0. Thus we define 
R=sup{x>O:y>O on [0,x)}. 
Clearly y(R) = 0. If R is finite it is obvious from the definition of a solution 
that y’(R) = 0. This is also true if R = a, as will be shown in the next 
lemma, together with an estimate for the rate of convergence. 
LEMMA 3. Let y(x) be a bounded nonconstant positive solution of (I) on 
[0, co ). Then 
lim sup xyPp /y’(x)/ 6 2. 
x + 7L 
Proof: By Lemma 2, y(x) + 0 as x + 00. Hence we can deduce from the 
differential equation (2.1) that for x large enough, 
y’<O and y” > 0, 
and therefore 
lim y(x) = 0. (2.12) 
r-2 
To estimate the rate with which y’ tends to zero, we rewrite Eq. (2.1), 
multiplying it by the function q(x) defined in (2.9). This yields the equation 
(q(x) Y’)’ = --4(x) f(Y). (2.13) 
If we now integrate over (x, co), use (2.12) and divide the result again by 
q(x), we arrive at the following expression for y’(x) 
1 
y’(x) = - 5 m q(s)fMs)) ds. 4(x) x 
(2.14) 
For x large enough, so that y(x) < k, (2.14) implies that y’(x)<0 and 
hence that 
IY’(X)l +& JE q(s) Y”(S) ds 
x 
<u”(x) co 
s 4(x) x 
q(s) ds 
and the lemma follows using (2.10). 
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3. THE MAIN RESULT 
We shall prove the following nonexistence theorem: 
THEOREM 2. Let y(x) be a bounded solution of (I) on [0, co). Then either 
y(x)=0 or Y(X) = k 
for all x 3 0. 
Proof: Suppose to the contrary that there exists a solution y(x) of (I) 
on [0, co), which is bounded and not identically equal to y = 0 or y = k. 
Then, by Lemma 2, y(x) 4 0 as x + co and y’(x) < 0 for x large enough. 
Thus we can define 
x0 = inf{x 2 0: y’ < 0 on (x, R)}. 
Clearly at x = x0 we have 
Y <k, y’=O, y” < 0. 
To prove the theorem we compare two functions: 
N-l 
h(x) = y” +x y’ 
on (x,, R). Define the linear second-order differential operator 
Then g and h can be shown to satisfy 
L(g) = 0 
L(h)= -p(l -p) ~~-~(y’)’ 
and, in addition, 
(3.1) 
(3.2) 
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for x0 <.y < R. At .Y = .x0 we have 
?‘ 
g= -1-i 
+,J’--1: 
1-P 
(3.3) 
g’ = h’ = -‘O - y” < 0, 
2 (3.4) 
where we have used (3.1) and (3.2). Finally, at x = R, g has the properties 
g=o (3.5) 
and, if R<co, 
g’ = 0. (3.6) 
In the next lemma we shall show that 
liy+i;f h(x) -C 0. 
Since 
h=g+yP>g on (x0, R) 
this contradicts (3.5) and thus proves the theorem. 
LEMMA 4. Let y(x) be a nonnegative solution of (2.1) such that y(x) -+ 0 
asx+R, where R<co or R=oo. Then 
y’ = -co. 
Proof: Let 
w = gh’ - g’h. 
Then 
h’g-hg’ w 
= =- 
g2 g2 
and 
h(x) = 3 g(x) - I&N j-1 3 ds. (3.7) 
NONEXISTENCE OF SIMILARITY SOLUTIONS 65 
By (3.5), g(x) + 0 as x + R. To estimate the second term, observe that w 
satisfies the equation 
wl+(!!+;) w= -p(l -p)yp-2(y’)2g (3.8) 
on (x,, R) and that at x0, in view of (3.3), 
w = -+x0 yPy” > 0. 
Define 
WI = 4(x) 4x1. 
Then, according to (3.8), 
K’(x)= -p(l -p)ypPZ(y’)2g>0 on (x,, R), 
since 0 <p < 1 and g < 0 on (x,, R), and therefore 
K(x) z G%) = &cl) wh) on (x0, RI. 
Thus 
(3.9) 
w’(x) =--& {K+(;-F)K}>O 
when x 3 c = max{ x0, LZ}. This means that 
w(x) z w(c) 2 K(c)/q(c) > 0 
for c d x -C R, in view of (3.9). 
Returning to (3.7) we conclude that 
&d h(x) <- 
gcd 
l?(x) - w(c) Wxh (3.11) 
where 
H(x) = Idx)l J-: 6. 
(3.10) 
We assert that 
lim+s;p H(x) = 00. (3.12) 
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If R < m this readily follows by means of I’Hopital’s rule since 
I 
lim H(x) = lim ~ = a 
Y-R r-R R’(X) ’ 
Thus, let us assume that R = a. We then define the function 
Single g(x) is bounded away from zero on any bounded interval, Z(x) will 
exist for all x > c. The function H can now be written as 
H(x) = Z(x){T(x)} 1’2. (3.13) 
Suppose (3.12) does not hold. Then there exists a constant A4 > 0 such that 
H(x) < M for all x > c. 
This means, by (3.13), that 
Z’(x) 3 M p2Z2(x) for x> c. 
or 
Ml(d) 
z(x) ’ M - Z(d)(x - d) 
for x>d>c. 
Since Z(d) >O if d> c, (3.14) implies that Z(x) cannot exist for all x>c, 
thus yielding a contradiction. Therefore H(x) cannot be bounded for all 
x > c, and (3.12) is proved. 
Finally, remembering that w(c) > 0 by (3.10), we arrive at the desired 
result by substituting (3.12) into (3.11). 
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